Introduction
Let F be a normal Fitting class of finite soluble groups and TT a set of primes. F is said to be closed under taking Hall u-subgroups if each group in F possesses a Hall TT-subgroup which lies in F . Since every normal Fitting class contains all finite nilpotent groups [3, Theorem 5 .1], we avoid triviality by assuming that j Tr j > 2 and that TT' is not empty. Bryce and Cossey showed that the smallest normal Fitting class is closed under taking Hall ir-subgroups, for each set of primes IT [6, U.15 ]. This fact can be more easily deduced from a result of Hauck IS, Chapter 6] . In Section 3 of this paper, we prove the following result.
THEOREM 1. Let ir be a set of primes such that |TT | > 2 and ir' is not empty. Then there exists a normal Fitting class which is not closed under taking Hall v-subgroups.
The concept of the join of two Fitting classes was introduced in [7] .
The join of Fitting classes X and Y is defined to be the smallest Fitting class containing their union. For each set of primes ir , let S denote the Fitting class of all finite soluble iT-groups, and recall that a subgroup N of the direct product G * H of groups G and H is said to 
That many normal Fitting classes are closed under taking Hall ir-subgroups for a given set of primes IT is ensured by the characterisation of these Fitting classes obtained in Theorem 5 of Section 3.
Preliminaries
All groups mentioned are finite and soluble. Basic definitions and facts concerning Fitting classes and the *-operation may be found in [3] and [70] . The notation is standard and is described in [7] . 
We now introduce a notation of Hauck 
I I I . Y[s , F) is a normal Fitting class, for each set of primes IT and normal Fitting class F .
Finally, we have a theorem collated from various sources, which will be crucial to the proof of Theorem 1.
IV. Let p and q be distinct primes. There exists a group
The existence of H(p, q) when qjp-l is a consequence of the main theorems of [5] and [ 9 ] . Details of the construction of a suitable group
Normal Fitting classes closed under taking Hall Tr-subgroups
Let IT be a non-trivial set of primes, in the sense of Theorem 1.
Choose distinct primes p , q and r such that p and q are in T T , and Certainly F is a normal Fitting c l a s s , since S A c F c 5 [70] .
Proof of Theorem 1. The candidate is F . Since G lies in F and each Hall ir-subgroup of G is isomorphic to K i t is sufficient to prove that K i s not in F . We begin by examining G . If G is in S* , then G S {K * L) . This implies that 
Thus H = H , ensuring that G i s in X[S , F) .
A further application of II yields that 
